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Abstract. This paper aims to study the low dimensional cohomology of Horn-Lie algebras 
and g-deformed W(2, 2) algebra. We show that the g-deformed W(2, 2) algebra is a Horn-Lie 
algebra. Also, we establish a one-to-one correspondence between the equivalence classes of 
one dimensional central extensions of a Horn-Lie algebra and its second cohomology group, 
leading us to determine the second cohomology group of the g-deformed W(2, 2) algebra. 
In addition, we generalize some results of derivations of finitely generated Lie algebras with 
values in graded modules to Horn-Lie algebras. As application we compute all a k - derivations 
and in particular the first cohomology group of the g-deformed W(2, 2) algebra. 
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1. Introduction 

The notion of Horn-Lie algebras was initially introduced in [3] motivated by examples of 
deformed Lie algebras coming from twisted discretizations of vector fields. In this paper we 
will follow the slightly more general definition of Horn-Lie algebras given by Makhlouf and 
Silvestrov in [6J. Precisely, a Horn-Lie algebra is a triple (£, [-, •],«) consisting of a vector 
space £, a bilinear map [-,-]: C X C —> C and a linear map such that 



for all x,y,z G £, and where the symble O x ,y,z denotes summation over the cyclic permu- 
tation on x, y, z. One sees that the classical Lie algebras recover from Horn-Lie algebras if 
the twisting map a is the identity map. The Horn-Lie algebras were discussed intensively in 
[3 El El EE] while the graded cases were considered in [U El [TT] . But the cohomology with 
values in graded Horn-modules is not very clear. Therefore, one of the aims of the present 
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[ x >y] 

3x, y ,z [[x,y],a(z)] 



— [y,x], (skew-symmetry) 
0, (Hom-Jacobi identity) 



paper is to fill this gap. 

The W(2, 2) Lie algebra was introduced in [T3] for the study of classification of vertex 
operator algebras generated by vectors of weight 2. It is an extension of the Virasoro 
algebra. In the following we denote by W the centerless W(2, 2) Lie algebra, which is an 
infinite dimensional Lie algebra generated by L n and M n (n G Z) satisfying the following 
Lie brackets 

[L m , L n ) = (n - m)L m+n , [L m , M n ] = (n - m)M m+n , [M m , M n ] = 0, for m, n G Z. 

In [T2] we presented a realization of the centerless W(2, 2) Lie algebra W by using bosonic 
and fermionic oscillators. The bosonic oscillator a and its hermitian conjugate a + obey the 
commutation relations: 

[a, a + ] = aa + — a + a = 1, [1, a + ] = [1, a] = 0. (1.1) 

It follows by induction on n that 

[a, (a + ) n ] = n{a + ) n -\ for all n e Z. 

The fermionic oscillators b and b + satisfy the anticommutators 

{b, b + } = bb + + b + b=l, b 2 = {b + ) 2 = 0. (1.2) 

Moreover, we set [a, b] = [a,b + ] = [a + ,b] = [a + ,b + ] = 0. 

Lemma 1.1 ( IWI ) With notations above. The generators of the form 

L n = (a + ) n+1 a, M n = (a + ) n+1 b + a, for all nGZ, (1.3) 

realize the centerless W(2, 2) Lie algebra W under the commutator 

[A, B] — AB — BA, for all A,BeW. 

Now fix a nonzero q G C such that q is not a root of unity. We introduce the following 
notation 

[A,B] {a ^ = aAB-f3BA, 

and the g-number 



q n — q 



It is clear to see that [—n] q = 



—[n) q . Furthermore, one can deduce that 



q n [m] q - q m [n] q = [m - n) q , q n [m] q + q m [n] q = [m + n) q . (1.4) 
Then the generators L n and M n (n G Z) satisfy the following g-brackets: 

[Lni ^m](g™- m ,g m - n ) = [ m ~ n } q L m +n, 
[L n , -M m ]( ? ra-m >g m-n) = [171 — n] q M m+n , 
[M n , M m ]( 9 n-m i? m-n) = 0, 

for all m,n G Z. We call this algebra the q-deformed W(2, 2) algebra, which is the second 
object considered in this paper. In the following we will denote g-deformed W(2, 2) algebra 
by W q and simply write the g-bracket as [•, -] q . In [12] we determined quantum groups and 
one dimensional central extensions of W q . In this paper, we will study its low dimensional 
cohomology theory. That is the second aim of this paper. 

Throughout this paper, C denotes the field of complex number and Z denotes the set of 
all integers. All vector spaces and algebras are assumed to be over C. 

2. Second cohomology group 

In this section, we first recall some basic definitions and in particular central extension of 
Horn-Lie algebras. Then we establish a one-to-one correspondence between the equivalence 
classes of one dimensional central extensions of a Horn-Lie algebra and its second cohomology 
group with coefficients in C. As application we determine the second cohomology group of 
the g-deformed W(2,2) algebra which is considered as a Horn-Lie algebra. 

In the sequel we will often simply write a Horn-Lie algebra (£, [-,-], a) as (£, a). A Horn- 
Lie algebra (£, a) is said to be multiplicative if the twisting map a is an endomorphism. Let 
G be an abelian group. A Horn-Lie algebra (£, a) is said to be G-graded, if its underlying 
vector space is G-graded (i.e., £ = ® g ^G^-g) satisfying [£ S ,£/J C C g+ h, and if a is an even 
map, i.e., ot(C g ) C C g , for all g,h G G. 

The theory of central extensions of Horn-Lie algebras was studied in (31 H]. An extension 
of a Horn-Lie algebra (£, () by an abelian Horn-Lie algebra (a, ( a ) is a commutative diagram 
with exact rows 

► a — ^ t — ^ C ► 

► a — ^ t — ^ C ► 
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where (£, C) is a Horn-Lie algebra. The extension is central if 

t(a) c Z(£) = {x eC\[x, £} t = 0}. 

In the following we focus on the central extension of (£, a) by a one-dimensional center 
Cc, where c = t(l). Note that the center Cc can be considered as the one-dimensional trivial 
Horn-Lie algebra with the identity map. 

Definition 2.1 Let (£, a) be a Horn-Lie algebra. A bilinear map ip : £ x £ — > C is called 
a 2-cocycle on £ if the following conditions are satisfied 

il>(x,y) = -il>(y,x), (2.1) 

ii(a(x), [y, z\) + ii(a(y), [z, x\) + ip(a(z), [x, y]) = 0, (2.2) 

for all x,y,z G L. 

Now we have the following theorem: 

Theorem 2.2 Le£ (£, a) fre a Horn-Lie algebra and ip : £ x £ ^ C be a bilinear map. 
Define on the vector space £ = £ © C the following bracket and linear map by 

[x + c,y + b] t = [x,y]c + ij>(x,y), (2.3) 
a(x + c) = a(x) + c, (2.4) 

for all x, y G £ and c,b G C. Then (£,[■, •]£, a) is a Horn-Lie algebra one dimensional 
central extension of (£,a) if and only if ip is a 2-cocycle on (£,a). If, in addition, (£,a) 
is multiplicative and tp satisfies ip(a(x),a(y)) = ip(x,y), for allx,y G £, then the Horn-Lie 
algebra (£, a) is also multiplicative. 

Proof. Since [-,-]c is skew-symmetric, the new bracket [-,-]c is skew-symmetric if and only 
if the map ip is skew-symmetric. For any x,y,z G £ and a, b, c G C, we have 

[a(x + a), [y + b,z + c\ t \ t = [a(x) + a, [y, z\ c + ip(y, z)\ t 

= [a(x),[y,z]c]c + tp(a(x),[y,z] c ). 

Consequently, 

[a(x + a), [y + b, z + c]^ + [a(y + b), [z + c, x + a]/*]/* + [a(z + c),[x + a,y + b]^]^ = 
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if and only if 

$(a(x), [y, z} c ) + $(a(y), [z, x} c ) + ij>(a(z), [x, y\ c ) = 0, 

which proves (£, [•, -]^, a) is a Hom-Lie algebra if and only if tp is a 2-cocycle on (£, a). 
If (£, a) is multiplicative, then we have 

a([x + a,y + b} £ ) = a([x,y} c + ip(x,y)) 

= a([x,y] c ) + ip(x,y) 
= [a(x),a(y)] c + i/j(x,y). 

On the other hand, we have 

[a(x + a), a(y + b)]^ = [a(x) + a, a(y) + b]^ 

= [a(x),a(y)] c + ip(a(x),a(y)). 

According to the hypothesis that ip(a(x), a(y)) = ip(x,y) for all x,y G £, we have 

a([x + a, y + b]^) = [a(x + a), a(y + b)]^, for all x,y G £, a, 6 G C, 

which shows that (£, a) is multiplicative. 

Finally, we define pr and i as the natural projection and inclusion respectively by 

pr : C — > C, pr(a; + a) = x; 
l:C^C, i(a) = + a. 

Then it is easy to show that (£, a) is a one-dimensional central extension of (£, a). □ 

Denote by Z 2 (C,C) the vector space of all 2-cocycles on a Hom-Lie algebra (£,«). For 
any linear map /:£—>■ C, we can define a 2-cocycle ipf by 

^/(z, y) = f([x, v\), for all x,yeC. (2.5) 

Such a 2-cocycle is called a 2-coboundary or a trivial 2-cocycle on £. Let B 2 (C,C) denote 
the vector space of all 2-coboundaries on C The quotient space 

H 2 (C,C) = Z 2 {C,C)/B 2 {C,C) 

is called the second cohomology group of C with trivial coefficients C. A 2-cocycle ip is said 
to be equivalent to another 2-cocycle if ip — <fi is trivial. For a 2-cocycle ip, let [■?/>] be the 
equivalent class of ip. Then we have the following corollary: 
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Corollary 2.3 For any Horn-Lie algebra (C,a), there exists a one-to-one correspondence 
between the equivalence classes of one dimensional central extensions of (£, a) and its second 
cohomology group H 2 (C,C). 

In the following, we consider the g-deformed W(2, 2) algebra W q . Note that W q is not 
a Lie algebra, because the classical Jacobi identity does not hold (but the antisymmetry is 
true). By straightforward calculations, we have 

(q + q~ l )[ [L m , L n ]f q m-n tqn -m-), L[ ]( ? m+n-i i9 !-m-n) + cyclic permutations = 0, (2.6) 
(q l + q~ l )[ [L m , L n ]( g m- n>9 n-m), Mi hqm+n-i q i-m-n) + cyclic permutations = 0. (2.7) 

Define on W q a linear map a by 

a(L n ) = (q n + q~ n )L n , a(M n ) = (q n + q~ n )M n . 

Then, using the g-deformed Jacobi identities fl2.6jl and (12. 7p . we obtain the following result. 

Theorem 2.4 The triple (W q , [•, -] q ,a) forms a Horn-Lie algebra. 

In [12] we provided a computation of one-dimensional central extensions of W ? . Hence, 
according to Corollary l2.3t we can determine the second cohomology group of the g-deformed 
W(2, 2) algebra W q as follows: 

Proposition 2.5 H 2 (W q ,C) = C/3 © €7, where 

f3(L m ,M n )=f3(M m ,M n )=0, 
j{L m ,L n ) = 7 (M m ,M n ) = 0, 
and where {m) q = q m + q~ m , for all m, n G Z. 

3. Derivations of Hom-Lie algebras and g-deformed W(2, 2) Lie algebra 

This section is devoted to discuss derivations of graded Hom-Lie algebras. We extend to 
Hom-Lie algebras some concepts and results of derivations of finitely generated Lie algebras 
with values in graded modules studied in [2]. As application we compute all a k - derivations 
and particularly the first cohomology group of the g-deformed W(2, 2) algebra. 



0[L m , L n 
7(L m , M n 



[m - l] q [m] q [m + l] q 
[2]g[3] ff <m)g : 

[m - l] q [m\ q [m + l] q 
[2]a[3]«<m>, ' 
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Definition 3.1 Let (C, a) be a Horn-Lie algebra. A representation of £ is a triple (V, p, 0), 
where V is a C-vector space, j3 G End(V) and p : C — > End(V) is a C-linear map satisfying 

P([x, y])op = p(a(x)) o p(y) - p{a(y)) o 

for all x,y E C. V is also called a Hom-£-module, denoted by (V, (5) for convenience. 

One recovers the definition of a representation in the case of Lie algebras by setting a = idc 
and (5 = idy. For any x E C, define ad : C — > End(C) by ad-^y) = [x, y] for all y £ C Then 
(C, ad, a) is a representation of £, which is called the adjoint representation of C. 

Definition 3.2 Let (V, f3 v ) and (W, fiw) be two Hom-C-modules. A linear map f : V ^ W 
is called a morphism of Hom-C-modules if it satisfies 

fo/3 v = w of, 
f(x-v) = x-f(v), 

for all x G £, v G V. 

Let G be an abelian group, (£ = ® g&G C g) [•, •],«) be a G-graded Horn-Lie algebra. An 
Hom-£-module V is said to be G-graded if V = ® g eaV g and C g Vh C V^+h for all g,h E G. 
For any nonnegative integer fc, denote by a fc the /c-times composition of a, i.e., 

a fc = a o a o • • • o a. (3.1) 

In particular, a = id and a 1 = a. Then we can define a fc -derivations of £ with values in 
its Hom-£-modules. 

Definition 3.3 A linear map D : C — > V is called an a k - derivation if it satisfies 

D o a = a o D, 
D[x,y] = a k (x)-D(y)-a k (y)-D(x), 

for all x,y G C 

We recover the definition of a derivation by setting k = in the definition above. Hence, 
an a - derivation is often simply called a derivation in the present paper. We say that an 
a k - derivation D has degree g (denoted by deg(D) — g) if D ^ and D(C h ) C V g+ h for any 
h E G. Let 15 be an a k - derivation. If there exists v G V such that D(x) = a k (x) ■ v for all 
x G C, then is called an inner a k - derivation. Denote by Der a k(C, V) and Inn a k(C, V) the 
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space of ct fc -derivations and the space of inner a fc -derivations, respectively. In particular, let 
Der(C, V) and Inn(C, V) denote the space of derivations and the space of inner derivations, 
respectively, and write Der(C,V) g := {D G Der(C,V) | deg(D) = g} U {0}. The first 
cohomology group of C, with coefficients in V is defined by 

H\C, V) := Der{C, V)/Inn(C, V). (3.2) 

Remark 3.4 The set Der a k(C, V) (resp. Inn a k(C, V)) is not close under map composition 
or commutator bracket. But the space of all such a k - derivations (Bk>oDer a k(C, V) (resp. 
(Bk>oInn a k(£, V)) form an Lie algebra via commutator bracket. 

Now let £ be a G-graded Horn-Lie algebra which is finitely generated. In the following 
we present two results, which can be seen as Horn versions of those obtained in [2J. 

Proposition 3.5 Let V be a G-graded Hom-C-module. For every D G Der(C, V), we have 

D = J2 9 e G D 9 , (3.3) 

where D g G Der(C, V) g and where there are only finitely many D g {u) ^ in the equation 
D ( u ) = Y.geG D g( u )> f or anyueC. 

Proof. For any g G G, define a homogeneous linear map D g : C — > V as follows: for any 
u G Ch with h G G, write D(u) = Y^ p ^g u p "with u p £ V ■> then set D g {u) = u g+h . Clearly, 
D g is well defined and D g G Der(C,V) g . Also, (13. 3p is true. □ 

Proposition 3.6 Let V be a G-graded Hom-L-module such that 

(a) H\C ,V g ) = 0, forge G\{0}. 

(b) Rom Lo (C g ,V h )=0,forg^h. 
Then 

Der(C, V) = Der(C, V) + Inn(£, V). 

Proof. Let D be a derivation from C into its Hom-£-module V. According to (I3.3P we 
can decompose D into its homogeneous components D = J2 geG D g with D g G Der(C, V) g . 
Suppose that g ^ 0. Then D g \c is a derivation from C into the Hom-£ - m odule V g . By 
virtue of (a), D g \ Co is inner, i.e., there exists v g G V g such that D g {u) = u ■ v g for all u G .Co- 
Consider ip g : C — > V defined by ip g (x) := D g (x)—x-v g for all x G C Then ip g is a derivation 
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of degree g which vanishes on Cq. Hence ip g is a morphism of Hom-£o- m odules and condition 
(b) entails the vanishing of ip g on £ h for every h G G. Consequently, D g G Inn(£, V), which 
completes the proof. □ 

In the following we focus on the g-deformed W(2,2) algebra W q as a Horn-Lie algebra 
(Wq, [•, -] g , a) defined in Theorem 12 .41 Obviously, W q is Z-graded by 

W q = ©„ e z>V 9 ", where >% n = span c {L ni M n } . 

Note that M. := span c {M n } is an ideal of (yV q ,a), or in other words, M. is an adjoint 
Hom-Wg-module. In addition, W q is finitely generated by {L 1 ,L_ 1 ,M 1 }. Let D be an 
o; fc -derivation of W q . For all m, n G Z, we have 

(g m + g- m ) fc [ J D(L n ),L m ] g + (g" + g-"') fc [L ri ,, J D(L m )] g = [m - n] q D(L m+n ), (3.4) 
( g ™ + g -™)fc[ jD ( jLn ) 5 M m ] g + (g" + g- n ) fc [L„, J D(M m )] g = [m — n] q D(M m+n ). (3.5) 

Now we aim to determine all a fc -derivation of W q . First, we compute the (a°-)derivations 
of W g . Denote by Der(W q ) and Inn(W q ) the set of all derivations and the set of all inner 
derivations, respectively. Let Der(W q ) m be the set of derivations of degree m. 

Lemma 3.7 H 1 (W q , W q ) = for any nonzero integer n. 

Proof. Note that [Lo,Xo] g = 0, for any Xq G W q = span{Lo, Mq}. Let D be any element 
in Der(W°,W^). Then it follows D(L ) G W™. Applying D to [L ,X ] q = 0, we have 
[n) q D(X ) = [L ,D(X )] = [X ,D(L )). Consequently, D(X ) = [X Q ,v] with v = j^- q D(L ) 
in Wg. In other words, D is an inner derivation from W q into its adjoint module W q . □ 

Lemma 3.8 Hom w o(W™, W q ) = for m ^ n. 

Proof. Let / G Hom W [)(>V™, W q ) with m ^ n. For any X m G W™, we have 

{q n + q- n ){f{X m )) = a{f{X m )) = f{a{X m )) = {q m + q- m )f{X m ), 

leading to f(X m ) = 0, since m ^ n. Hence, / = 0. □ 
Now according to Proposition 13.61 we have the following result: 

Proposition 3.9 Der(W q ) = Der(W q ) + Inn{W q ). 
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Thanks to Proposition 13. 9[ the study of Der(W q ) reduces to that of its constitute of 
degree zero. Let D be an element of Der(W q )o. F° r an Y integer n, assume that 

D(L n ) = a n L n + b n M n , D(M n ) = c n L n + d n M n , (3.6) 

where the coefficients are complex numbers. Applying D to [L ,L n ] q = [n] g L n , one can 
obtain D(Lq) = 0, i.e., a = 6 = 0. Using (13.41) . we have 

^m+n ^L m ^m+n ^ni for 771 7^ 

Let m = —n. Then we have 

a_ m = -a m , 6_ m = -6 m , for m/fl. 

Furthermore, we have 

a m = mai, b m = mbi, for all m G Z. 
Similarly, using (13.51) we have 

Cm+n C n , d m -\- n <2 m -|- G? n , for 777. ^ 7i, 

from which it follows 

c m = Co, d m = mai + do, for all m G Z. 

Applying £) to [Mi, M ] = 0, we have Co = 0. It follows that c m = for all m G Z. Hence, 
there exist a,b,d E C such that 

D(L n ) = n(aL n + 6M„), D(M n ) = (na + d)Af n , for all n G Z. (3.7) 

From the discussions above we obtain the following result: 
Proposition 3.10 All the derivations ofW q is 

Der(W q ) = span c {D} © Inn(W q ), 

where D is defined by flff. 7] ). 

Corollary 3.11 The first cohomology group of W q with values in its adjoint module is 
one- dimensional. 
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Next we compute the a 1 -derivations of W q . Let D be an a 1 -derivation of degree s. 
Assume that 

D(L n ) = a Sjn L n +s + b S!n M n+s , D(M n ) = c S) „L„ +s + d StTl M n+s , 

where the coefficients are complex numbers. Then from equation (13.41) we obtain 

[m - n] q a S)m+n = (q m + q~ m ) [m - s - n] q a s , n + (q n + q~ n ) [m + s - n] q a Stm , (3.8) 
[m - n] q b s , m+n = (q m + q~ m ) [m - s - n] q b Sin + (q n + q~ n ) [m + s - n] q b Stm . (3.9) 

We first consider the case of s ^ 0. Taking m = in (I3.8p . we have 

(2[s + n\ q - [n] q )a s>n = (q n + q~ n )[s - n] q a sfl . 

Furthermore, 

(q n + q~ n )[s - n] q 

a s,n = , , - 1 rrf^.o- 3.10 

(2[s + n\ q - [n] q ) 

Plugging (I3.10P into (13. 8p . we have 

^m+n _|_ g-' m -")[ m _ n] q [s — m — Ti} g (q m + q~ m )(q n + q~ n )[m — s — n] q [s — n] q 

2[s + m + n] q - [m + n] q 8,0 2[s + n] q - [n] q s '° 

(q m + q~ m )(q n + q~ n )[m + s — n] q [s — m] q 

2[s + m] q - [m] q s '°' 

Let m = s in the equation above, we have 

(q a+n + q- a - n )[s-n] q [-n] q (g s + g~ s )(q n + q- n )[s - n] q [-n] q 

0T0 — I — i f — I — i as >° ~~ or — I — i fl as >°- l' 3 - ii J 

2[2s + n\ q - [s + n\ q 2[s + n\ q - [n\ q 

Then taking n = — s in (13. lip , we get 

[24[4 (g* + (T) 2 [24[4 

— n — o s o — n fl s,o- 

It follows a Si o = since s ^ 0. Then we have a s>n = for n e Z and s ^ by ( 13. 101) . 
Similarly, from (13. 9p we can deduce that b SiVi = for s ^ and n E Z,. 

In the case of s = 0, we simply write a , n as a n . Then it can be deduced from (13.81) that 

a m+n = (q m + q- m )a n + (q n + q~ n )a m , for m ^ n. (3.12) 
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Let m = in (I3.12p . we have 

a n = -(q n + q- n )a , (3.13) 

which implies a n = a_„ for n > 0. Taking m = —n in (I3.12p . we have 

a = (q n + q- n )(a n + a„ n ). (3.14) 

Substituting (13.131) into (13.141) . we have ao = and a n = for all n G Z. Similarly, we can 
deduce that 6 ,m = for all m G Z by using (13.91) where s = 0. Hence, we have proved that 

o s , m = frs,m = 0, for all m,s G Z, 

or, in other words, we get D(L m ) = for m G Z. 

It remains to determine D(M n ) for all n G Z. Using D(L n ) = 0, we can deduce from 
(1331) that 

[m - n) q c s>m+n = (q n + q~ n )[m + s - n] q c Sim , (3.15) 
[m-n] ? d s ,m+n = (q n + q~ n )[m + s - n} q d Stm . (3.16) 

Let m = in (13 . 1 5[) and (13.161) . respectively. We have 

-[n] q c s>n = {q n + q~ n )[s - n} g c sfi , (3.17) 
-[n) q d s>n = (q n + q- n )[s - n] q d sfl . (3.18) 

Taking n = in (13.151) and (13.161) . respectively, one has 

M ? c s>m = 2[m + s] g c Sim . (3.19) 
[m] q d S)m = 2[m + s] q d Sjm . (3.20) 

Taking m = in (13.191) and (I3.20p . respectively, we have c Sj0 = <^s,o = for s ^ 0. Then it 
follows from (I3.17P (resp. (I3.18P ) that c Sj „ = (resp. d St7l = 0) for n G Z and s ^ 0. 
If s = 0, then it follows from (13.151) that 

[m-n) q Co jm+n = (q n + q~ n )[m - n] g c , m . (3.21) 

Let n = in (13. 21 j) . we have [m] g co im = 2[m] q co tm . It follows that co, m = for m ^ 0. 
Taking n = — m in (13. 21 j) . we have [2m]qCo,o = (q m + 5 ,_m )[2m]qCo, m , leading us to c^o = 0. 
Similarly, we can deduce from (I3.16P that do tTn = for all m G Z. Thereby, the following 
proposition is proved. 
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Proposition 3.12 If D is an a 1 -derivation ofW q , then D = 0. 

With the similar discussions as above, we can compute a^-derivations of W q for k > 1 
and thus we have all the a fc -derivations of W q for k > determined. 

Proposition 3.13 For k > 0, all the a k -derivations ofW q are zero. 
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